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ABSTRACT
I present an exact and explicit solution to the scalar (Stokes flux intensity) radio interferometer
imaging equation on a spherical surface which is valid also for non-coplanar interferometer
configurations. This imaging equation is comparable to w-term imaging algorithms, but by
using a spherical rather than a Cartesian formulation this term has no special significance. The
solution presented also allows direct identification of the scalar (spin 0 weighted) spherical
harmonics on the sky. The method should be of interest for future multispacecraft interfer-
ometers, wide-field imaging with non-coplanar arrays, and cosmic microwave background
spherical harmonic measurements using interferometers.
Key words: instrumentation: interferometers – techniques: interferometric – techniques:
radar astronomy – telescopes.
1 IN T RO D U C T I O N
Basic radio interferometry deals with narrow fields-of-view mea-
sured by antenna elements constrained to a plane. Under such
conditions, i.e. planar brightness distribution and planar visibil-
ity domain, the van Cittert–Zernike (vCZ) theorem (Thompson,
Moran & Swenson 2001) states that the brightness and visibility
distributions are two-dimensional Cartesian Fourier transforms of
each other. An extension of the vCZ to arbitrarily wide fields and
non-coplanar arrays was given in Carozzi & Woan (2009) where
it was found that the simple Fourier transform relation no longer
holds.
The generalized vCZ relation given in Carozzi & Woan (2009) is
still similar to the original planar vCZ in that the brightness and vis-
ibility domains are ultimately expressed in Cartesian coordinates.
A different approach to an interferometric relation for the full ce-
lestial sphere was given in Macphie & Okongwu (1975) which used
spherical harmonics in the visibility domain. However the main re-
sult in that paper was a formula for point sources, i.e. the brightness
distribution was given in terms of delta functions on the sphere.
More recently, McEwen & Scaife (2008) used a spherical harmonic
decomposition of visibility data to obtain the celestial sky multi-
pole moments, but their treatment of the radial component of the
visibility data was not made explicit.
In what follows, I will provide a simple relation, analogous to
the vCZ, between a brightness distribution on the celestial sphere
and its visibility distribution in an arbitrary domain – possibly non-
coplanar and not necessarily spherical – using a special case of the
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spherical Fourier–Bessel transform rather than using a Cartesian
Fourier based transform.
The vCZ on a sphere relation presented here has several prac-
tical applications. Spherical harmonics of the sky temperature de-
rived from interferometers is of current interest (Ng 2001; Kim
2007), and in future there are plans for a multispacecraft in-
terferometer mission. Such an interferometer would observe the
full celestial sphere rather than a hemisphere, which limits Earth-
based interferometers. The results are also of interest to observa-
tions with non-coplanar arrays that currently must deal with the
so-called w-term (Cornwell & Perley 1992), which is a conse-
quence of adapting the two-dimensional Cartesian Fourier trans-
form to work with three-dimensional visibility data to produce
images of the celestial sphere. Although the imaging technique
presented here is naturally suited to extended sources and multipole
moments, also narrow field-of-view interferometers could benefit
since, for high dynamic range imaging, the trend is to image the
entire hemisphere anyways in order to handle leakage from beam
side-lobes.
2 A R E L AT I O N B E T W E E N S K Y B R I G H T N E S S
O N C E L E S T I A L S P H E R E A N D
NON-COPLANAR VI SI BI LI TI ES
I start with the scalar intensity component of the extended vCZ
theorem, i.e. a relation between visibility V and brightness B, as
given in Carozzi & Woan (2009), valid on the celestial sphere,
which can be written as
VI (r, k) =
∫
BI (k) exp (−ik · r) dk (1)
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where r is the position vector in the visibility domain, k is the
wavevector and k = (θ k, φk) are the angular components of k on
the sphere. The subscripts •k are used to denote that the angles refer
to the spherical components of the wavevector. Since I will only be
concerned with measurements in vacuum, the wavenumber k = |k|
is equal the frequency used for the visibility measurements divided
by the speed of light, ω/c. Note that in equation (1) the phase
reference position is the origin.1 The subscript •I in the equation
above denotes the Stokes I component, i.e. the scalar flux density.
In what follows, I discard the Stokes I subscript as I will only deal
with this component.
The expression (1) actually implies that V fulfils the Helmholtz
equation, also known as the wave equation. This fact is not well
appreciated in the radio interferometry literature, so I present it
here. Operating with the Laplace operator on equation (1), one
finds that
∇2r V + k2V = 0, (2)
which is the Helmholtz equation, or wave equation, in the vis-
ibility domain. The Helmholtz equation has, besides Cartesian
solutions, also solutions in spherical coordinates, and this sug-
gests that there should be a vCZ relation in terms of eigenfunc-
tions of the spherical wave equation, which are equal to (Jackson
1999)
j(kr)Ym(θ, φ), for  = 0, 1, 2, . . . ; m = −, . . . , , (3)
where I invoke the boundary condition that the visibility should be
finite at the origin. Ym() is the standard, orthonormal spherical
harmonic function with , m corresponding to the polar and az-
imuthal quantal numbers,2 respectively, and j(kr) is the spherical
Bessel function of the first kind. I will call these eigenfunctions
spherical wave harmonics.
To fully convert equation (1) into the eigenfunctions given in
equation (3), I proceed as follows. I use the plane wave decompo-
sition formula, see Jackson (1999),
e−ik·r = 4π
∞∑
=0
∑
m=−
(−i)j(kr)Ym(θr , φr )Y ∗m(θk, φk), (4)
where the subscripts •r denote the spherical coordinates of the
visibility position vector r and r = |r|. When this is inserted into
equation (1) it gives
V =
∫
B(k)
(
4π
∞∑
=0
∑
m=−
(−i)j(kr)Ym(θr , φr )Y ∗m(k)
)
dk
= 4π
∞∑
=0
∑
m=−
(−i)j(kr)Ym(θr , φr )
∫
B(k)Y ∗m(k)dk.
(5)
Then I expand the brightness distribution into spherical harmonics
B(k) =
∞∑
=0
∑
m=−
bmYm(k), (6)
1 That is, I have removed the phase reference position so the interferometer
is not phased up towards any particular direction.
2 Since the spherical harmonic quantal numbers  and m could be confused
with the standard notation for the direction cosines in Cartesian Fourier
imaging, the latter will not be used in this Letter.
where blm are the multipole moments of the sky. Inserting this back
into equation (5) one obtains
V = 4π
∞∑
=0
∑
m=−
(−i)j(kr)Ym(θr , φr )
×
∫ ( ∞∑
=0
∑
m=−
bmYm(k)
)
Y ∗m(k)dk
= 4π
∞∑
=0
∑
m=−
(−i)j(kr)Ym(θr , φr )bm, (7)
where I have used the orthogonality relation for the spherical har-
monic functions∫ 4π
0
Ym()Y ∗′m′ ()d = δ′δmm′ . (8)
Finally, I expand the visibility distribution into the spherical wave
harmonics, equation (3), with coefficients v˜m
V =
∞∑
=0
∑
m=−
v˜mj(kr)Ym(r ). (9)
See Jackson (1999). Inserting this into the left-hand side of equation
(7), one obtains
∞∑
=0
∑
m=−
v˜mj(kr)Ym(r )
= 4π
∞∑
=0
∑
m=−
(−i)bmj(kr)Ym(θr , φr ). (10)
From this equation, due to the orthonormality of the Ym harmonics,
one can identify that for any (, m)
v˜m = 4π(−i)bm. (11)
Equation (11) is an important result, and shows that there is
a simple proportionality relation between the brightness distribu-
tion, in terms of bm, and the visibility distribution, in terms of
v˜m, with no integration or sum over any domain. The simplic-
ity of this result is due to the fact that the spherical harmonic
components are eigenfunctions of the measurement equation on
the sphere (1) and that these components automatically fulfil the
Helmholtz dispersion relation k2 = ω2/c2. By contrast, the Carte-
sian Fourier transform consists of plane wave solutions, i.e. point
sources, which are not eigenfunctions of the measurement equation
on the sphere and do not automatically fulfil the dispersion relation
which leads to the additional complexity of dealing with the w-term,
i.e. the third and final wavevector component in the plane wave
solutions.
McEwen & Scaife (2008) derived an essentially similar rela-
tionship to equation (11), albeit not explicitly. However, they did
not provide an explicit scheme to derive the harmonic coefficients
for an arbitrary array. In fact, they speculated that a stable scheme
could be developed, arguing that the presence of zeros of the spher-
ical Bessel functions with large  would complicate the recovery
of the coefficients. I argue that the zeros of the spherical Bessel
function for some  simply mean that that particular  does not
contribute to the harmonic coefficient at that point, but e.g. the
spherical Bessel functions with  ± 1 will. In the next section, I
will show that the radial part of the visibility can indeed be in-
corporated into the recovery of the spherical harmonics of the sky,
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and later I will show that, at least for  ≤ 96, it is possible to pro-
duce images comparable to those made with the Cartesian Fourier
transform.
3 C O M P U T I N G T H E SP H E R I C A L WAV E
H A R M O N I C C O E F F I C I E N T S O F T H E
V IS IBILITY D ISTRIBU TION
The result expressed in equation (11) shows that spherical har-
monic components of the celestial sky at some frequency ω are
proportional to a spherical Fourier–Bessel decomposition of the
visibility distribution with the corresponding k. Although this vCZ
relation is superficially simpler than the Cartesian Fourier trans-
form, it still implies a comparable computational complexity since
the vm components need to be determined from the interferometric
measurements.
In practice, an interferometer consists of an array of a finite
number of antennas from which complex voltages are measured,
and the visibilities are the complex powers obtained by cross-
correlating between all antenna pairs. Thus V can only be sam-
pled at a finite set of Q measurements at points with spherical
coordinates which I denote as {ri , θi , φi}Qi=1. Note that from now
on I will dispense with the r subscripts for the spherical angles
in the visibility domain that had been used in the previous sec-
tion. Although there are no formal restrictions on the sampling
distribution for the estimating the vCZ relation in the preced-
ing section, certain distributions will be more advantageous than
others.
A detailed discussion of the numerical implementation is outside
the scope of this Letter, but a direct (non-gridded) naive solution
for v˜m can be derived as follows. Consider a visibility data set
Vi(k0) measured in narrow band with centre frequency ω0 sampled
at arbitrary positions. These can be seen as a sum of delta functions
in the visibility domain
V(k, r, θ, φ) =
Q∑
i=1
Vi(k0)δ(r − r i)δ(k − k0)
=
Q∑
i=1
Vi(k0)
r2 sin θ
δ(r − ri)δ(θ − θi)δ(φ − φi)δ(k − k0),
(12)
where k0 = ω0/c and the factor in the denominator is the normal-
ization factor for the delta functions in spherical coordinates. The
delta function in the k domain is a simplifying approximation of
the spectral density of the frequency band response function. Mul-
tiplying the right-hand side of equation (12) with j(k0r)Y ∗m(θ, φ),
and then integrating this over a spherical volume that bounds the
visibility domain results in
∫ ∞
0
∫ π
0
∫ 2π
0
Q∑
i=1
Vi(k)
r2 sin θ
j(k0r)Y ∗m(θ, φ)
δ(r − ri)δ(θ − θi)δ(φ − φi)δ(k − k0)r2 sin θ drdθdφ
=
Q∑
i=1
Vi(k0)j(k0ri)Y ∗m(θi, φi)δ(k − k0). (13)
For the left-hand side of equation (12), I insert equation (9) and do
exactly the same the steps as were performed on the right-hand side
and then get
∫ ∞
0
∫ π
0
∫ 2π
0
∞∑
′=0
′∑
m′=−′
v˜′m′j′ (kr)Y′m′ (θ, φ)j(k0r)Y ∗m(θ, φ)
×r2 sin θ drdθdφ =
∞∑
=0
∑
m=−
v˜m
∞∫
0
j(kr)j(k0r)r2 dr
=
∞∑
=0
∑
m=−
v˜m
πδ(k − k0)
2k20
, (14)
where I have used the relation∫ ∞
0
j(kr)j(k0r)r2 dr = πδ(k − k0)2k20
(15)
which is valid for all , see Leistedt et al. (2012). Integrating both
the left- and right-hand sides, i.e. the last results of equations (14)
and (15), over all k and equating these two results I find that
v˜m(k0) = 2k
2
0
π
Q∑
i=1
Vi(k0)j(k0ri)Y ∗m(θi, φi). (16)
This my main result in terms of providing an explicit, direct quadra-
ture rule for computing the spherical wave coefficients from arbitrar-
ily placed visibility samples. Note that there is no formal restriction
on the radial positions of the samples, for instance with respect to
the zeros of the spherical Bessel functions.
The transform used above to derive equation (16) is a type of
spherical Bessel–Fourier decomposition, see Leistedt et al. (2012)
and Baddour (2010). But a crucial difference is that, in this work,
the radial component of the wavevector, i.e. the wavenumber k is
already known since radio interferometric visibility data are almost
always given as functions of frequency in narrow bands, hence the
delta function in k. Thus the transform is two-dimensional rather
than three-dimensional for a given frequency. For this reason it may
be more appropriate to call this something else instead, so I will use
the term spherical wave harmonic transform (SWHT).
4 A LL-SKY IMAGI NG EXAMPLES
In this section, I apply the SWHT to real radio interferometer data
to illustrate the imaging technique. I used data from the Swedish
LOFAR station, known as SE607, in particular the Low Band Array
(LBA), which is an ∼60-m diameter array of 96 crossed dipoles
placed in a pseudo-random, coplanar pattern covering the frequency
range 10–90 MHz.
The data set I used was a snap-shot, i.e. the cross-correlations (and
auto-correlations) are integrated over a short, 10 s, time interval, so
that the array can be taken to be coplanar. This was chosen since
it then can be compared with the ordinary (non-gridded) Cartesian
Fourier transform. The data were for centre frequency 37.1 MHz
in a 192-kHz-wide band. I applied equation (16) to the visibility
data and computed the v˜m coefficients up to  = Lmax = 96, which
matches the number of elements. These coefficients were then con-
verted to the sky harmonic coefficients bm using equation (11),
and then these coefficients were used to generate an image through
equation (6).
The result of this SWHT technique is shown in Fig. 1 subplot (a).
For comparison, subplot (b) shows the ordinary Cartesian Fourier
transformed image, also known as a dirty image, and subplot (c)
shows a reference model at the slightly higher frequency of 50 MHz
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Figure 1. Orthographically projected images of Stokes I flux in arbitrary units of the celestial hemisphere over LOFAR SE607 LBA on 2014 December 3,
00:16 UT. Subplot (a) image was computed using the spherical Bessel harmonics with max () = 96 at 37.1 MHz. Subplot (b) image was computed using a
non-gridded two-dimensional Fourier transform also at 37.1 MHz. Subplot (c) is an reference model image at 50 MHz. The extended emission in the west is
the Milky Way. The strong point source in the north-west is Cassiopeia A. Emission from the Galactic north spur can be seen in the north-east. The circle
suggested in these images is the telescope local horizon at elevation 0. Note that neither of the images (a) or (b) have been compensated for the antenna gain
pattern.
and with better resolution. It is clear from this figure that the SWHT
is very similar to the Cartesian Fourier transform. The main differ-
ence is the presence of emissions beyond the telescope horizon, i.e.
directions apparently below 0 elevation, for instance in the south-
east corner of subplot (b). These emissions are an erroneous artefact
of the two-dimensional Cartesian Fourier imaging technique, since
the two Cartesian Fourier components, or direction cosines, go from
−1 to +1, and there is nothing to stop components with absolute
value greater than 1 from contributing to the image. In other words,
this illustrates the fact that the Cartesian Fourier transform does not
automatically fulfil the dispersion relation k2 = ω2/c2, as already
mentioned.
The run times were slower for the SWHT, but these could be
improved up by using fast spherical harmonic transform algorithms,
such as Rokhlin & Tygert (2006), which have computation time
complexity of the order of O(N2 log N ), where N is the number
of sample points. It is possible that an SWHT algorithm could be
constructed to have a time complexity not much greater than this,
making it comparable to the w-term imaging algorithms.
5 C O N C L U S I O N S
I have derived a vCZ relation, equation (11), between a spherical
brightness distribution and an unconstrained visibility distribution.
I have also presented the SWH transform of the visibility data to
compute the spherical harmonics of the sky from which images can
be made. This technique was shown to be capable of producing
images comparable to ordinary dirty images. It should be useful
for radio inferometric imaging of extended sources or for determin-
ing multipole moments of the celestial sky. It extends naturally to
visibility data from non-coplanar arrays, and thus the technique is
comparable to w-term imaging methods.
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